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I. EXECUTIVE SUMMARY
The objective of the research in the framework of the concluded Grant has been investigation of instability mechanisms active in a Low Pressure Turbine (LPT) passage, with a view of utilizing such mechanisms for flow control. To this end, the T-106/300 blade was considered, with periodic boundary conditions imposed, as appropriate, in order to simulate instability mechanisms in the entire cascade. Short of using three-dimensional DNS in order to study the phenomena involved, three classes of state-of-the-art instability computations were performed; all three have been worldwide-first applications of the respective theories to the LPT instability problem. The common challenge in all computations has been the accurate description of the reasonably complex object geometry, which prohibits reduction of the computing cost by exploitation of symmetries in the resulting flowfields. Spectral/hp element methods were used in order to meet this challenge, since these methods combine the essential for stability computations highorder (spectral) accuracy with the flexibility of unstructured methods that permits straightforward description of the complex geometry.
In the first class of computations, primary two-and three-dimensional BiGlobal instability analyses of the steady two-dimensional basic state, prevalent in the LPT flow at low chord Reynolds numbers (Re < 1000), have identified the character of the primary bifurcation. In a manner analogous with the prototype bluff-body cylinder flow, the twodimensional steady basic state at the LPT flow becomes unsteady via linear amplification of its least-damped twodimensional BiGlobal "wake" eigenmode, the latter identified herein. Three-dimensional BiGlobal analyses in this context demonstrated that all three-dimensional BiGlobal eigenmodes are stronger damped than the aforementioned (Hopf) mode. However, the same 3D analyses have revealed the existence of another, "bubble" mode which connects global instability in the trailing edge of the LPT blade with instability mechanisms in the passage wake.
The results of the first set of computations made use of a second class of analysis methodologies necessary, namely secondary (Floquet) BiGlobal instability theory. Here too, the complex geometry considered situates the present work in the forefront of presently tractable problems. The time-periodic basic state established past the primary Hopf bifurcation has been analyzed with respect to three-dimensional secondary perturbations. Unstable 3D Floquet modes were found to exist in the entire Reynolds number range investigated, Re e [900, 5000] . Interestingly, the instability characteristics of the unstable Floquet modes become an ever-weaker function of the Reynolds number as the latter increases, such that the underlying physical mechanisms may be relevant to Reynolds numbers of 0(104). Furthermore, the Floquet eigenmodes are phase-locked with the basic flow, such that the only means of identifying them in the unsteady flow past the first Hopf bifurcation is the three-dimensionalization of the two-dimensional wake, resulting from their amplification. In a manner analogous to the results of the previous class of analysis, short-spanwisewavelength Floquet modes have been identified, which connect global instability in the trailing-edge separated flow region on the blade with instability mechanisms in the wake. Both phenomena on the LPT blade, in conjunction with the analogous ones on the NACA-0012 airfoil at an angle of attack and the adverse-pressure-gradient flat-plate separation bubble, permit forming a rather consistent picture of global instability of separated flow; this has been one of the most interesting results of the present investigations. The BiGlobal analysis results of both steady-and timeperiodic flows have been confirmed by three-dimensional DNS computations, also performed in the framework of this Grant.
The third class of instability analyses performed in has delivered the first-ever transient-growth (TG) results in a nonparallel flow field. The bubble-mode LPT flow instability identified by the previous methodologies was shown to support strong energy growth, a result independently obtained and cross-verified in pseudospectra analysis and threedimensional DNS. Consequently, an alternative path to transition has been identified in the LPT flow to result from algebraic (rather than exponential) growth of small-amplitude, essentially linear, perturbations. This result opens up a whole new avenue of previously unexplored (or not recognized as such) physical mechanisms that underlie instability, transition and control of LPT flows, warranting further, in-depth studies focusing on TG phenomena. 
II. INTRODUCTION AND MOTIVATION
Our concern in the framework of this Grant has been with hydrodynamic instabilities of flow around a cascade of low-pressure turbine blades, using BiGlobal instability analysis tools. Use of this theory is essential in order to unravel global instabilities inaccessible to the classic linear local analysis that addresses parallel flows and focuses on (Kelvin-Helmholtz /Tolimien-Schlichting-type) instabilities -solutions of (onedimensional) Orr-Sommerfeld-class of stability equations; at the design stages of the present project, the latter type of disturbances were not considered to be of prime relevance in the problem at hand (Rivir, personal communication) . It has also been shown that BiGlobal theory is capable of recovering results of the local stability analysis, without the need to resort to the restrictive assumptions of the latter (Simens, Gonztlez, Theofilis, G6mez-Blanco 2004) . In addition, BiGlobal analysis has been demonstrated to be relevant to bluff body instabilities (Barkley and Henderson 1996; Theofilis, Barkley and Sherwin 2002) , as well as to partial features of the flowfield at hand, such as the trailing-edge separation and its potential global instability (Theofilis 1999; Theofilis, Hein and Dallmann 2000) . Finally, the significance of BiGlobal instability analysis to reduced-order modeling and flow control has been discussed extensively by and further quantified recently by Noack, Tadmor, and Morzynski (2004) .
Motivation for the first application of BiGlobal theory to the problem at hand was provided by the success of the theory in shedding new light on one particular (and very relevant) aspect of flow instability on a turbine blade, namely flow separation. Indeed, at the beginning of the project the potential of a laminar separation bubble to become self-excited through BiGlobal linear instability, besides being susceptible to the well-known (Kelvin-Helmholz/Tollmien-Schlichting) mechanism of linear amplification of incoming disturbances, had been recognized, both in the adverse-pressure gradient separation bubble on a flat plate (Theofilis 1999; Theofilis et al. 2000) , and at the trailing-edge of a NACA 0012 airfoil at an angle of attack (Theofilis et al. 2002) . These two applications are discussed in some detail next.
In the flat-plate, Hammond and Redekopp (1998) had considered a model separation bubble and, assuming quasi-parallel flow, applied linear local analysis based on numerical solutions of one-dimensional eigenvalue problems (EVP) of the Orr-Sommerfeld class in order to determine the conditions for absolute instability (Chomaz 2005) of the separation bubble. By contrast, Theofilis (1999) and Theofilis et a!. (2000) had performed two-dimensional direct numerical simulations (DNS) in order to recover the separated-bubble boundary-layer flows described by Briley (1971) and used such (essentially nonparallel) 2D steady flows as basic states in 3D BiGlobal linear instability analyses. The appropriate (partial-differential-equation-based) EVP was solved numerically and the potential of separated flow to support global instability, without having to resort to restrictive assumptions of a parallel/quasi-two-dimensional basic flow, was demonstrated for the first time. The agreement between one conjectured scenario of topological changes in the reattachment zone of a laminar separation bubble on account of BiGlobal instability, alongside the associated necessary wallshear distribution (Dallmann, Vollmers, Su and Zhang 1997) , on the one hand, and the computed wall-shear distribution ensuing instability of the first (stationary) unstable BiGlobal eigenmode of the Briley bubble, on the other, is shown in Figure 1 (Theofilis eta!. 2000) . The scenario discovered points out that vortex shedding from bluff bodies may be recovered (possibly amongst other mechanisms) by linear amplification of threedimensional BiGlobal eigenmodes. Theofilis and Sherwin (2001) extended this work to detect BiGlobal eigenmodes in the trailing-edge separation region of a NACA 0012 airfoil at a chord Reynolds number of Re = 1000 and an angle of attack a = 5'. The grid utilized for the simulations is shown in Figure 2 , while the basic flow obtained, including a magnification of the trailing-edge separation region, is also shown in the same figure, in terms of the magnitude of flow vorticity. Spectral/hp element technology (Karniadakis and Sherwin 2005) was utilized for the first time in the context of BiGlobal analysis in this work, in order to successfully address the issues of accuracy needed in instability analyses in conjunction with the complex geometry at hand. •+ --0 -' 7._Z ..
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• A scan of the entire spanwise domain (considered homogeneous) delivered only damped BiGlobal eigenmodes associated with the trailing-edge separation. The spatial structure of the most unstable eigenmode is reminiscent of that found in the Briley bubble (Theofilis et a. 2000) , and is shown in terms of the magnitude of the spanwise disturbance velocity component in the left part of Figure 3 . Subsequently, Theofilis et al (2002) performed BiGlobal instability analysis of the entire NACA 0012 flow-field, considering an integration domain extending well into the free-stream, upstream and downstream of the airfoil; they demonstrated that the most unstable eigenmode of the flow in question, at the same parameters as those used by Theofilis and Sherwin (2001) , is that in the related wake-flow, shown in the right part of Figure 3 . Note that no assumptions on the form of the basic flow have been made in the analysis of Theofilis et a/ (2002) , although the near-parallel nature of the basic state in the wake might have permitted analysis based on the classic one-dimensional linear theory. As mentioned, research in the framework of the present Grant is concerned with instability mechanisms in the flowfield around a blade model in an LPT passage. The ultimate objective of the work is to understand the physics behind the successful application of (active) flow control in experiments (Sondergaard, Rivir, Bons, and Yurchenko 2004) and three-dimensional DNS (Fasel, Gross and Post] 2003; Rizzetta and Visbal 2004) , the latter modeling the actual flow around LPT blades at Reynolds numbers of O(10•). A central issue in DNS of LPT flows (e.g. Wu and Durbin 2001, Wissink 2002 ) is the understanding of the physical mechanisms that describe the three-dimensional nature of the instabilities in this class of flows. However, the computational effort that underlies three-dimensional DNS renders this numerical approach accessible only to large-scale facilities and certainly inappropriate for detailed parametric studies, in view of which, the alternative, more efficient for linear instability analyses, methodology based on BiGlobal theory has been chosen in the current research effort.
In the context of BiGlobal theory, a two-dimensional DNS need be performed in order for the basic state to be obtained and analysed with respect to its stability against the full range of spanwise wavenumbers at each Reynolds number value. Either the eigenvalue problem (EVP), or a Transient Growth (TG) methodology may be used; they are both linear but differ in the treatment of the time-dependence of the linearized equations. While the TG resolves the time-dependence of the linearized system as an Initial Value Problem (IVP), the EVP explicitly imposes harmonic time-dependence of the small-amplitude perturbations. However, in both cases, the two-dimensional variable coefficients of the linearized equations of motion comprise the aforementioned basic state, provided by the two-dimensional DNS. As is well-known in linear instability theory, accuracy of this basic state is a prime consideration which, in the context of the BiGlobal analysis, translates in the necessity of faithful representation of the LPT blade geometry; this, in turn, poses a challenge for numerical methods employed for the solution of both the basic flow problem and the associated BiGlobal EVP or IVP. Here, the numerical solution of the two-dimensional Navier-Stokes equations has been performed using a DNS solver based on the spectral/bp element method (Karniadakis and Sherwin 2005) and either structured or hybrid (partly structured and partly unstructured) meshes, based on quadrilateral and triangular elements, within which high-order polynomials are used in order to expand the unknowns. The subsequent instability analysis was also performed using a spectral element methodology for the spatial discretization and Krylov subspace iteration for the recovery of the most significant part of the eigenspectrum. This approach has been shown in the past to be an appropriate (as well as efficient) means to study the stability of complex flows (cf. that over a NACA0012 airfoil by Theofilis et al. 2002) .
FINAL REPORT Grant F49620-03-1-0295 (Trheofilis) -"Global instability and control of low-pressure turbine flows" All items contemplated in the work plan of the Grant have been completed successfully. Two flavors of BiGlobal instability analysis have been followed. First, analysis of the steady two-dimensional basic flow (obtained by unsteady 2D DNS) has been performed in order to identify the first (Hopf) bifurcation of the flow from a two-dimensional steady to a two-dimensional unsteady state. Three-dimensional analysis in this context has also been performed, in order to assess the relative importance of two-and three-dimensional BiGlobal perturbations superposed upon the steady state. Second, in view of the results obtained in the first part, BiGlobal secondary theory based on Floquet secondary analysis has been performed in order to study, for the first time, instability of a non-ygmmetric nonparallel time-periodic basic state. The results permitted identification of the linear stability boundaries of the time-periodic flow, as well as distinct types of threedimensional perturbations involved in this process. Three-dimensional DNS has confirmed the results of both aforementioned flavors of BiGlobal analysis. Finally, the first-ever BiGlobal Transient Growth (TG) analysis of a nonparallel basic state has been performed within the framework of the completed research. Its results shed additional fight to the issue of linear instability of the bluff body at hand, especially in terms of algebraic growth of perturbations associated with the trailing-edge separation region. Section III presents the theoretical background necessary in order to follow the work performed in Section IV. Results are summarized in Section V, where an outlook of potential extensions of the present work is offered.
III.
THEORETICAL BACKGROUND
The incompressible BiGlobal eigenvalue problem (EVP)
In the course of the Grant concluded, BiGlobal instability theory was applied for the first time to lowpressure turbine flows in the incompressible regime. A review of this analysis methodology and its application to a wide spectrum of flows has been presented by Theofilis (2003) . The analysis proceeds with the incompressible equations of motion into which the BiGlobal instability Ansatz, shown in Table 1 , is substituted. Note that in this table single primes refer to time-or space-periodic quantities, and double primes refer to spatial coordinates with mild variation in comparison with that on the non-primed spatial coordinates. Primed quantities are modeled (as either periodic or mildly-dependent on the corresponding spatial direction) while unprimed quantities are fully resolved. According to BiGlobal theory, any flow quantity q(xjyt) = (u, v, w, p)T is decomposed into ý, an 0(1) steady two-dimensional basic state, and 4, a small-amplitude, 0(&), unsteady three-dimensional perturbation. Linearization results in the complex nonsymmetric generalized BiGlobal EVP
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or, in compact form, for the determination of the complex eigenvalue n = (Qr + i ai and the complex amplitude functionscomponents of the eigenvector, 4 = (z, ý, v,, P). Input parameter of the analysis are the flow Reynolds number, Re, a wavenumber 0, associated with a spanwise periodicity length Le, through Le, = 27E / P3, and the steady basic state i" = (Wf, V, )T, described by the velocity components (no base pressure is necessary) and their derivatives with respect to the spatial coordinates x and y. In the temporal framework used, n,= Re(Q) represents the amplification/damping rate, while Q 1 = Im(n) is the frequency of the disturbance sought. In view of the two-dimensional nature of the basic state, a simple transformation (Iheofilis 2003) permits converting the complex EVP into a real one, thus halving the storage requirements and expediting the computations involved. The system must be closed by appropriate boundary conditions over the twodimensional domain on which the LPT blade is defined and discretized. For the present problem these are the no-slip condition at the surface of the turbine-blade, zero disturbance velocity at the inflow and aiil/n = ON,/an = 0 at the outflow boundary, n denoting the direction normal to that boundary, as well as periodic connectivity of all flow quantities at the lower and upper boundaries, as illustrated in Figure 7 of Section IV. 
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Regarding numerical solution of the BiGlobal eigenvalue problems, it should be noted that the matrix discretizing the EVP is never formed explicitly. Instead, the EVP can be expressed in the time-differential form a at .
In order to solve this equation in an efficient manner the Arnoldi algorithm, which is based on a Krylov subspace iteration method (Theofilis 2003) , has been used in combination with the exponential power approach. The exponential power method solves this equation analytically ft+At
D4^(t)-(t + At) = 4(t)exp( fCdK)
Where C discretizes e. Employing the Arnoldi algorithm on the evolution operator D(t), which evolves the field 4 from time t to time t + At (and can be determined through a time-stepping algorithm) yields the dominant eigenvalues of D _= exp(CAt). Since only the stability-significant leading eigenvalues are calculated, the run-time associated with the total process of building the Krylov subspace and obtaining the eigenvalues of the Hessenberg matrix constructed by the iteration is a small fraction of that required by classic methods, such as the QZ algorithm. The EVP solution algorithm then follows the path highlighted in Figure 4 . The equations of motion are integrated in time for sufficient enough time in order to form the EVP shown and solve it using the iterative Arnoldi method; see Karniadakis and Sherwin (2005) for further details. 
Floquet analysis of 3D perturbations of the time-periodic 2D flow
When the basic state to be analyzed is periodic in time, the (basic-flow-related) coefficients of the BiGlobal EVP are periodic functions of time, for which Floquet analysis is appropriate. Such a situation arises past the primary Hopf bifurcation in the LPT blade. Concretely, past the critical Reynolds number for amplification of the two-dimensional BiGlobal eigenmode, the T-periodic two-dimensional basic state takes the form q(xy, t) = q(x, y, t + 7), where q is the state vector comprising two velocity components and pressure.
Its stability may be analyzed through study of the eigenvalues u of the monodromy matrix operator M, defined as ,O+T
where L and N respectively denote the linear and nonlinear parts of the incompressible equations of motion. The eigenvalues u are called the Floquet multipliers. For a normalized period T, u >1 describes a growing orbit, while p <1 leads to a limit cycle (Tuckerman and Barkley 2000) . Numerical approaches analogous to those used for the iterative solution of the BiGlobal eigenvalue problem are followed, although Floquet analysis requires the time-discretization of the periodic orbit by, say, nt snapshots within one period. In turn, the leading dimension of the matrix discretizing the BiGlobal secondary instability analysis EVP is a system of nt coupled systems, each of size equal with one BiGlobal EVP. As, the leading dimension of the matrix solved in Floquet analysis can easily become of 0(10); use of iterative methods for the computation of its eigenspectrum is imperative. The present work is concerned with linear instabilities of flow in a Low Pressure Turbine passage. The well-documented "European" T-106 LPT blade model, shown in Figure 5 , has been used; its coordinates may be found in the Appendix. As a first step the spatial domain analyzed must be defined and discretized by a numerical approach appropriate for BiGlobal instability analyses. Key ingredients of such a numerical method are its high-order of accuracy (Theofilis 2003) and, in the case of the flowfield analyzed, its ability to resolve complex geometries. Furthermore, the consideration of a cascade of LPT blades, as opposed to analyzing flow around a single blade, requires imposition of periodic boundary conditions along one of the two spatial directions resolved. All three requirements naturally lead to using spectral/hp element methods (Karniadakis and Sherwin 2005) . In short, these methods permit achieving spectral accuracy in complex geometries by offering independent control of two parameters, h, the degree of resolution of the domain considered, and p, the degree of polynomial considered in order to resolve the quantity sought within each of the elements defined in the space tessellation. Grid independence within the spectral/hp element method is achieved by independently controlling these two parameters.
IV. TECHNICAL RESULTS

Geometry and spatial discretization
The main advantage of spectral/hp elements over other approaches to resolve complex geometries (e.g. finite-elements) resides in the fact that, if only the number of nodes, b, were to be increased (h-refinement), as shown in Figure 6 , correct description of the surface resolved and grid-independence of the results obtained would only be achievable through a progressive increase of the number of nodes utilized, up to at a large resolution, say "Mesh 6" in Figure 6 , were reached. By contrast, the spectral/bp element method permits increase of p (p-refinement), at any level of h-refinement (say, "Mesh 4" in Figure 6 ), such that the resolution (and associated memory) requirements for convergence remain tractable, even for relatively complex geometries. These properties of the numerical approach followed have been fully exploited in the computations that follow. 
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Within the framework of the spectral/hp element method both structured and unstructured spatial discretizations are possible and both approaches have been followed in the early stages of our computations, in order to gain some confidence in the numerical results produced. In both cases a single blade has been considered and inflow/outflow boundary conditions have been imposed at the West and East boundaries of the computational domain, where constant inflow and appropriate stress-free outflow conditions have been imposed. At the North and South computational boundaries of the resolved domain periodicity has been imposed; in most of the computations of both the basic flow and the subsequent instability analyses one periodicity domain has been considered.
Within a structured discretization, appropriate space tessellations have been designed, which use classical h -refinement to resolve the boundary layers and then apply a high order polynomial expansion within each subdomain. In the cases studied ap = 8 polynomial order expansion has been applied within each elemental domain. An example of a typical structured mesh utilized is shown in the left column of Figure 7 ; using the same polynomial degree as that used for the computations of flow in the domain interior avoids spuriously generated instability on account of poor surface representation. This type of technique is also possible with unstructured domains and has the advantage that the surface geometry is also represented by high order polynomial expansions. Most computations have been performed on a hybrid structured / unstructured mesh, employing the same structured strategy to resolve the immediate neighborhood of the blade, including the boundary layers, and a triangular mesh for the rest of the flow, as shown in the right column of Figure 7 . Compared with the structured-, the hybrid strategy has the advantage of permitting selective resolution of critical regions in the flowfield, such as the vicinity of the tip and the wake regions of the blade. In order to further verify the integrity of results subsequently obtained, numerical experimentations have been performed, using different extents of the discretized domain and monitoring changes in basic flow and instability analysis results obtained. Specifically, the periodicity length has always been kept the same, and either the inflow-or the outflow part of the hybrid domain has been extended in a manner shown in Figure 8 . In both cases, the baseline domain, denoted by "0", is the hybrid domain shown in Figure 7 , in which 200 points and cubic spline interpolation between them is used to define the blade geometry and a total of 2000 elements are used to resolve the entire flowfield. 
Basic flow computations
First, incompressible steady and time-periodic basic states have been computed numerically at several transitional chord-Reynolds numbers, Re = U., c / v, where U. = 1 is the inflow velocity magnitude, c is the blade chord and v is the kinematic viscosity, to be analyzed subsequently using BiGlobal theory. In order to obtain a basic understanding of the flow and its instability characteristics in terms of the parameter range of the first two-dimensional bifurcation, initial computations were based on the less expensive structured mesh, followed by refined computations using both types of meshes. Indeed, as subsequent computations confirmed, exploratory two-dimensional DNS computations using the structured grid presented in Fig. 7 have identified the bracket within which the first 2D BiGlobal eigenmode is expected to be amplified, in the region 500 < Re < 1000, as shown in Figure 9 . 
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Subsequently, computations have been performed on the unstructured mesh of Fig. 7 and results obtained are shown in terms of flow vorticity in Figure 10 . These results confirmed, and narrowed to 750 < Re < 1000 the range within which the first two-dimensional bifurcation is expected. Prior to discussing this issue, though, some integral steady flow properties are presented. Fig. 10 highlights one particular feature of the basic state, on which attention has been drawn in subsequent instability analyses, namely the existence of a steady separation region in the trailing edge of the LPT blade. Re =500 Re =750 Re= 1000
The size of and strength of recirculation in the separation zone grows with growing Reynolds number, the latter corresponding to steady flow. Once unsteadiness has set in, the primary reattachment zone of the trailing-edge separation bubble breaks up periodically in a manner reminiscent of the vortex shedding discovered by Theofilis et al (2000) , as being the result of linear amplification of a three-dimensional BiGlobal eigenmode. A trailing-edge separation region was also discovered by Theofilis et a. (2002) on the NACA-0012 airfoil at an angle of attack, where (stable) BiGlobal eigenmodes were also identified. It was thus considered important to understand the different BiGlobal instability mechanisms operating in this region and their potential association with the generation of global instability in the LPT blade wake, as well as a possible connection of the latter to the former mechanism. In order to quantify the separation zone and relate it with known bluff-body instabilities, an equivalent bluff-body diameter, D, has been defined as the distance between the local maxima of the velocities just downstream of the trailing-edge of the LPT blade, as schematically depicted in Fig. 11 . The 4-line is taken to be tangent to the trailing edge and perpendicular to the flow direction in the downstream wake, and D is defined as For flows close to a transitional state, D 0.3 c, and hence a Reynolds number based on this length is of 0(300), which is significantly higher than that at which the Hopf bifurcation occurs in the (isolated) cylinder case. In order to examine the validity of this argument, two-dimensional DNS was performed for a periodic array of cylinders placed at the same distance from each other as the LPT blades under consideration. This placement did not change the 0(50) critical Reynolds number for the first transition on the cylinder, which led us to attribute the large difference in Reynolds numbers associated with the Hopf bifurcation to the asymmetry of the geometry of the present blade object.
In order to complete the description of two-dimensional flow results, the pressure-and cp-distribution has been computed for different chord-based Reynolds numbers. Figure 12 shows the time-averaged pressure and pressure-coefficient distribution, which do not change qualitatively with changing Reynolds number. Interestingly, one can observe a distinct area of reduced pressure (increased suction) on the pressure surface at the very trailing edge, which results in a "kink" of the cý-coefficient at x/c = 1. This is a result in line with the one shown by Post], Gross and Fasel (2004) at an order-of-magnitude higher Reynolds number and has been verified to be a feature of the converged flowfield at the present parameters by means of several h-and p-refinements. There is no general rule as to whether two-or three-dimensional perturbations will be the first to be amplified, although Squire's theorem, applicable to one-dimensional profiles in incompressible flows, does provide some guidance (Drazin and Reid 1981) . In the case of BiGlobal instability of nonparallel (twodimensional) basic states evidence from a handful of analyzed flows is contradictory. As an example, while the steady state of the circular cylinder first becomes unstable to two-dimensional modes through a Hopf bifurcation and subsequently through three-dimensional instability of the ensuing time-periodic state (Barkley and Henderson 1996) , the steady two-dimensional lid-driven cavity flow becomes unstable to threedimensional disturbances prior to the onset of two-dimensional unsteadiness (Theofilis 2000; Poliashenko and Aidun 1995) . In the present new problem, it is thus necessary to address linear amplification of both twoand three-dimensional BiGlobal eigenmodes; we commence the analyses with the first. In what follows, Re will be used to denote chord-based Reynolds number.
Identification of The critical Reynolds numberfor two-dimensional BiGlobal instability.
Two independent paths have been followed in order to answer the question of critical Reynolds number associated with two-dimensional (P3=0) BiGlobal perturbations. First, the range identified in the previous section as containing the critical Reynolds number for the Hopf bifurcation was refined by means of the same two-dimensional DNS used for the prediction of the basic states. Second, the BiGlobal eigenvalue problem pertinent to a steady basic state at a given Reynolds number was solved for the particular case 03=0. The results of the two approaches were then compared and accepted when agreement was obtained. Indirectly, this exercise defined the necessary resolution requirements for reliable results to be obtained by either of the approaches.
Starting from a low Re = 700, convergence of the steady basic state was obtained on an unstructured mesh and the resulting flow was analyzed with respect to two-dimensional perturbations. In the process, an h-refinement was performed, keeping the same polynomial degree p = 7; results are presented in Table 2 . The differences in the results on the damping rate of the leading eigenvalues, as generated by the inexpensive structured and either of the unstructured meshes, is confined in the third significant; that between the wellresolved unstructured meshes is of O(10-). The high-order spectral/hp scheme has been applied using different polynomial orders p in order to investigate the correlation between the accuracy of the solution and the chosen polynomial expansion. The objective here is to employ polynomial orders of sufficient degree to describe the flow physics and yet low enough for the computations to remain efficient. Table 3 summarises results based on both the structuredand the hybrid meshes for different values ofp at Re = 870 at approximately the same mesh count. While the structured mesh needs p = 9 in order to yield results accurate to within two significant figures (as compared with results atp = 8, not shown here), the polynomial degree necessary in order to reach convergence when using the hybrid mesh approach is lower than that required by the structured code; at these parameters,p = 6 yields satisfactory convergence to four significant figures. As a consequence, for all the subsequent instability analyses, the hybrid mesh strategy was followed. The final exercise performed in order to ensure accuracy of the instability results obtained herein has monitored the effect on the eigenvalues of performing the analysis in domains of different extents (on which previously the basic state has also been obtained). Specifically, the hybrid meshes of Fig. 8 were considered: they all part from the same baseline mesh, denoted as "0", resolve the neighbourhood of the blade by the same quality hybrid mesh (a feature of the unstructured-mesh generator used) and respectively extend the resolved domain by different amounts in either the upstream or downstream direction; the extent of the periodic direction remains identical in all five domains considered. Basic state computations were performed at the Reynolds number value previously analyzed, Re = 870 and, subsequently, BiGlobal instability analyses were performed at [3 = 0; the results are shown in Table 4 . Since the leading eigenvalue does not change significantly with the respective changes in the extent of the resolved domain, the Baseline configuration "0" has been used for the subsequent stability analyses of steady two-dimensional basic flows. As the flow comes closer to the onset of two-dimensional instability, convergence is increasingly more challenging to obtain. This is a well-known situation from other complex nonparallel flows that require BiGlobal analysis in order to identify their first Hopf bifurcation, such as that in the classic square lid-driven cavity (Poliashenko and Aidun 1995) . The spatial structure of the spanwise vorficity associated with the leading damped eigenmode at two particular Reynolds numbers, Re = 820, and one very close to unsteadiness (but still corresponding to steady flow), Re = 895, is shown in Figure 13 . We term this structure wake-mode instability, since it is associated with instability in the wake of the LPT blade. As the critical Reynolds number for amplification of two-dimensional disturbances is approached, the intensity of the wake mode increases and the amplitude function tends toward the trailing edge. The time-periodic unsteady flow patterns observed in the DNS at Reynolds numbers above Re,•,02o are the result of linear amplification of the wake mode. Figure 14 summafises the damping rates using either the structured-or the unstructured/hybrid-mesh approaches, assuming no perturbation in the span-wise direction. Extrapolation of the damping-rate results delivers the value of the Reynolds number for amplification of the wake mode, as Re,.t,2D = 905 ± 2, a result that has been found to be consistent with that delivered by the two-dimensional DNS. Summarizing the results of the present section , BiGlobal instability analysis of twodimensional perturbations predicts the least-damped wake eigenmodes, whose function is to lead the steady two-dimensional basic state to unsteadiness through a Hopf bifurcation. As such, the natural extension of the work from this point is to enquire the predicted scenario in the context of three-dimensional ([3:•0) BiGlobal instability. If unstable 3D eigenmodes were to exist, the Hopf scenario will be of academic value, since threedimensional flow would become unstable before the Hopf bifurcation could be reached (c.f. the lid-driven cavity flow; Theofflis 2000). Otherwise, one possible mechanism leading flow to transition should be sought through Floquet analysis of the periodic basic state which ensues the first two-dimensional bifurcation (c.f. the cylinder flow; Barkley and Henderson 1996) . FINAL REPORT Grant F49620-03-1-0295 (Theofilis) -"Global instability and control of low-pressure turbine flows" 
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The wake mode of the LPT flow is reminiscent of that in the wake of the circular cylinder (Morzynski, Afanasiev and Thiele 1996) and in the wake of the NACA0012 airfoil (Theofilis et al. 2002) and deserves some discussion of its characteristics. Assuming it were technically impossible to perform a BiGlobal instability analysis, one might have attempted to obtain the eigendisturbances of the flow in the wake of the LPT blade by applying classic Reyleigh-or Orr-Sommerfeld-based instability analysis to slices of the basic flonfleld, taken normal to the direction of the flow at different downstream locations in the wake. We claim that, when reconstructed on a slice-by-slice basis, the resulting leading eigenmode would probably show a similar spatial structure of the amplitude functions of the disturbance quantities. In turn, the basic wake flow itself could have been modeled by appropriate (one-dimensional) basic flow models of the wake at different downstream locations, without substantial changes in the eigenmodes' structure.
FINAL REPORT Grant F49620-03-1-0295 (Theofilis) -"Global instability and control of low-pressure turbine flows" However, the inflectional nature of the wake profiles in the context of classic theory would have resulted in amplification-rate characteristics that might have been different from those predicted herein. One might think that strong instability could result, according to either inviscid or viscous linear theory pertinent to parallel flows. Such an instability would point to spatial amplification along the downstream direction of the leading eigenmode corresponding to the locally-parallel basic flow. However, in the context of the present BiGlobal instability analysis, such "amplification" is only a partial aspect of the spatial distribution of the amplitude function of the global eigenmode, which is stable.
Three-dimensional BiGlobal instabiliky analysis of steady 2D basic flow in the LPTpassage
Three-dimensional BiGlobal instability analysis has been performed at several subcritical Reynolds numbers, in the vicinity of Rej,,D using a spanwise wavenumber, 13, associated with the extent of the domain in that direction, L, by Le, = 2nr / 13. Parametric studies were performed by changing 13 at fixed Re. Results are shown in Figure 15 , where each symbol represents a constant Reynolds number, as indicated on the plot. All real-parts of the eigenvalues remain negative, with a tendency toward the positive complex plane for increasing Reynolds number and decreasing 13, suggesting that three-dimensional linear instability does not occur below Re,,,,,,. The eigenvalues obtained for Lz < 2/3 are real, the ones obtained for L. > 1 are complex. Interestingly, it appears that the long-(spanwise)-wavelength results shown in Figure 15 are associated with the wake mode, as known from the two-dimensional analysis (c.f. Figure 13 ). On the other hand, the shortwavelength results shown in Figure 15 to peak around Lý=2/3 are associated with an instability arising in the trailing-edge region, where separation of the basic state occurs. The disturbance vorticity of this eigenmode is presented in Figure 16 ; we term this the bubble-mode instability, since it peaks in the trailing-edge laminar separation bubble region highlighted in Fig. 10 . 
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The key characteristic of the bubble mode is that it connects disturbances in the trailing-edge separation region uitb that in the entire wake of the blade. As such it provides means for connecting unsteadiness in the separation region with that in the wake, via the eigenmode frequency. Unlike the wake-mode, the three-dimensional nature of the bubble-mode could be related with vortex-shedding, via the scenario discussed by Theofilis et al (2000) . Indeed, the structure of the eigenmode in the separation region is reminiscent of the global eigenmode discovered by Theofilis et al (2000) on the adverse-pressure gradient laminar separation bubble and that discovered by Theofilis and Sherwin (2001) on the trailing edge of the NACA-0012 wing at an angle of attack. However, interesting as this may be, the bubble-mode is stronger damped than the wake mode at Reynolds number values subrcitical to Rej, 2 D such that it can be asserted that the transition scenario on the T-106/300 LPT blade, discovered in the present work, is analogous with that of the prototype bluff body flow, namely the circular cylinder. In the LPT flow too, if there were to be a three-dimensional linear instability, it would develop as linear superposition of Floquet eigenmodes upon the time-periodic basic state set up past amplification of the first two-dimensional (wake) mode. We proceed to examine this scenario next.
4. Three-dimensional instability analysis of two-dimensional periodic basic states
Validation of a Floquet instability analysis metbodologv in the circular cylinder
A stepping stone toward the analysis of the flowfield in the LPT blade has been the well-studied case of the circular cylinder. Instability results have been reproduced on the cylinder over wide parameter ranges; an example of the Floquet multipliers obtained is shown in Table 5 at Re = 200 and distinct spanwise periodicity lengths, L( It may be seen that a range of p >1 exists and peaks around L. = 4, which corresponds to the well-known mode-A of the cylinder, discovered by Barkley and Henderson (1996) . The basic state behind the cylinder, as well as the amplitude function of the disturbance vorticity of the leading Amode are depicted at one instant of their periodic motion in Figure 17 . 
Grid-independence studies in the T-106/300 LPT blade
Preliminary Floquet instability analyses of the time-periodic basic flows in the LPT blade at Re > Re,,,2D have indicated instability at a specific range of parameters around Re = 2000, Lz = 8. The Floquet multipliers obtained were confirmed to correspond to unstable three-dimensional perturbations, u> 1, under a variety of h-and p-refinements. In addition, the study of effect on the eigenvalues (the Floquet multipliers) of different domain sizes was repeated in the context of the present secondary BiGlobal instability analyses; the results are shown in Table 6 . Here too, it is seen that the baseline hybrid mesh is adequate for the efficient description of secondary instability and has, thus, been used throughout the subsequent analyses. 1.00135 -Baseline -"0" 1.00135 Inflow "1"
1.00100 Outflow "1" 1.00187
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Discretization of the time-periodic orbit
As mentioned in Section III, the Floquet secondary analysis introduces one additional parameter into the stability problem, namely the period of the basic state, over which secondary instabilities develop. This period must be captured adequately by resolving a large number of snapshots of the flow within one period and monitoring the results of the resulting coupled secondary eigenvalue problem by Floquet theory. However, the larger the number of these snapshots, the larger the size of the coupled eigenvalue problem becomes, such that efficiency considerations suggest the use of an optimum discretization of the periodic orbit. In order to identify this optimum, while ensuring that the time-dependent state is captured adequately over one period, analyses have been performed in which the periodic orbit was discretized using 8, 16 or 32 snapshots. Typical results at Re=2000, L. = 0.3 are shown in Table 7 where it can be seen that four significant figures of p are recovered in all computations. In the following analyses 16 time-slices have been used, implying convergence of the Floquet multiplier in 7 significant places. 
Analsis of aperiodic mw ofpairs of T-106/300 LPT blades
A different angle of the problem of instability of the object at hand is considered next, namely partial relaxation of the conditions of periodicity, used up to and past the present point. The results should serve as a warning on the sensitivity of stability calculations on boundary conditions, at least within the EVP framework; they certainly set the stage for the results presented in Section IV. 6.
The situation is illustrated in Figure 18 , where two baseline domains have been placed together and resolved as a single basic flow under the boundary condition of periodicity as indicated. The basic flow obtained at Re = 2000 is also shown in Fig. 18 . This numerical experiment was put forward since the periodicity in the wake introduces the possibility of phase-shifts between the two wakes, an issue that is clearly absent in the analysis of steady basic flows. In turn, the resonance potential that is introduced on account of these phase shifts may give rise to subharmonic behavior absent from the single-blade configuration. Indeed, it can be seen in Fig. 18 that there are no major interactions between the two wakes; however, an important observation is a slight phase lag between the shedding of the flow past the upper and the lower blade, which shows that indeed subharmonic effects occur in rotationally symmetric turbine flows.
Next, the question of potential influence of this effect on the leading Floquet multipliers is addressed; the results are presented in Table 8 . Both results presented have been confirmed to remain unchanged under p-refinement. Comparing the results obtained on the baseline with those on the extended domain reveals one important qualitative difference: the absence of interaction of the periodic wakes yields unstable eigenvalues; relaxing this constraint kads to flow that remains linearly stabl -for all Reynolds numbers examined. Hence, linear instability may be dependent on the periodic boundary conditions, generally assumed to be valid in turbine flows. Accepting the limitations of the model, the baseline domain has been considered in the subsequent analyses. 
Analysis of aperiodic row of T-106/300 LPT blades
In the following, Floquet multipliers p have been computed for different periodicity lengths L, of three-dimensional disturbances at several Reynolds numbers Re > Rem,, 2 D , i.e. above the Hopf bifurcation. Figure 19 summarises the results for the first two eigenmodes of a parametric study at two Reynolds number values, one right after the two-dimensional transition, Re = 920, and one at a higher Re-value, Re = 2000, for comparison. We recall that Floquet multipliers below 1 indicate a decaying (periodic, three-dimensional) perturbation whereas pt > 1 are associated with an unstable solution. By contrast to the analysis of a steady basic flow, all leading Floquet multipliers g remain real, indicating time-locking of tbree-dimensionalperturbations which develop upon the time-periodic basic state with the frequency of that basic state. The respective most unstable spanwise periodicity length, L, ... , is indicated on the lower-Re plot, having been defined by the condition a v /l Lz z 0. In addition, the critical condition L, -, , defined by the location at which the Floquet multiplier exceeds tp = 1, is also indicated. In both the low and the higher Reynolds number values, the periodic flow becomes unstable to three-dimensional perturbations at about the same value of L 4.
Significantly, the first three-dimensional instability occurs immediately after two-dimensional transition. This instability is characterised by long-wavelength perturbations as can be seen in the results at both Reynolds numbers. An indication of the accuracy of the Floquet analysis performed herein is obtained in the limit L--* +o (0--0) at the present two and all other Reynolds numbers examined but not presented in this figure. As can be seen in the results of Fig. 19 , in this limit the growth-rate approaches 't = 1, which represents the fact that the three-dimensional perturbation field vanishes in this limit and the total field returns to the periodic two-dimensional basic flow. Finally, in both sets of results the short-periodicity-length (large-wavenumber) perturbations corresponding to •< 1 appear to belong to a mode distinct from that which becomes unstable at L•4. The monotonic dependence of the leading Floquet multiplier on the spanwise wavenumber at low Reynolds numbers changes in character and a second local maximum at Lz< 1 is found, which evolves such that an inflection point in the dependence of pi on L, appears as the Reynolds number increases. This maximum is associated with short wave lengths while the eigenfunction remains stable for all Reynolds numbers considered. However, the amplitude functions are a weak function of the Reynolds number; Figure 20 shows the basic flow and the disturbance vorticity, as two instances during the period, at L. = 0.3 and Re = 2000. Strong analogies may be seen between these results and mode-A of the flow past a cylinder, shown in Figure  17 . In both cases the local maxima of the amplitude functions are concentrated in the spanwise vortex cores of the respective basic states. Seen from the perspective of classic linear theories, well-known instabilities such as the vortex core and shear-layer instabilities may be identified as partial features of the BiGlobal eigenmode discovered here. Furthermore, in comparison with the cylinder flow, a spatio-temporal symmetry can be established by comparing the eigenmode with itself after half an oscillation period, q(x, y, -, t) q(xy, ýZ + Lz/2, t + T/2). However, by contrast to the flow past a cylinder, the instability discovered in the LPT blade is characterised by relatively small growth rates, and the maximum Floquet multipliers obtained do not grow significantly with increasing Reynolds number. Finally, in view of the relatively high concentration of disturbance energy in the trailing edge separation region, this mode is a prime candidate for transient growth analyses, presented in Section IV. 6. A qualitative overview of the flowfield resulting from amplification of the most unstable Floquet eigenmodes is shown in Figure 21 , in terms of the (spanwise) basic flow vorticity and that of the disturbance field at two combinations of Reynolds number and spanwise periodicity wavelength. The characteristic vortex pairs in the basic state are clearly visible, as is the structure of eigenmodes corresponding to such a basic field. FINAL REPORT Grant F49620-03-1-0295 (Theofilis) -"Global instability and control of low-pressure turbine flows" By contrast, in Fig. 20 one may see that the wake is composed of pairs of isolated vortices connected by shear layers. As such, connections may be attempted with results of classic one-dimensional linear theory, which can deal with all three instability phenomena, the elliptic instability of vortex pairs, instability of isolated vortices and that of shear layers. Such a connection may be possible, especially in the far-wakes of the flows shown in both figures 20 and 21, but will not be attempted here. Instead, the point of view is taken that such instabilities are parts of a single eigenmode, namely that presently resolved by secondary BiGlobal analysis. This argument is supported by the fact that the near-wake field has a rather complex structure, which can only be resolved by the large-scale computations performed in the framework of BiGlobal analysis, or DNS. If conclusions on the instability properties in the wake are sought, especially in terms of frequencies to be utilized for flow control, the structure of the entire wake must be taken into account, otherwise erroneous results could be obtained. A similar conclusion has been reached in the instability analysis of a much simpler vortex pair by Hein and Theofilis (2004) .
Next, it is of interest to identify the neutral curve for secondary instability of the time-periodic flow. This result is shown in Figure 22 in terms of the dependence of the critical spanwise wavelength on Reynolds number. The overall minimum value for three-dimensional instability of the time-periodic flow occurs at the critical conditions (Re = 1400, L, m, = 2.4). The shape of the curve obtained is plausible for low Reynolds numbers, at which the flow has been found (in Section IV.3.2.) to be stable with respect to BiGlobal instability below Re,,, 2 D. One may also accept the prediction that the flow is stable for very low spanwise periodicity lengths; however, it is intriguing indeed, that high Reynolds number results are becoming stable with respect to both small-and medium-wavelength three-dimensional perturbations. Owing to the cost of the computations presented here, this result has not been investigated further. 
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The spatial structure of the amplitude functions of the spanwise disturbance vorticity pertinent to the leading Floquet eigenmodes is shown in Figures 23 and 24 , respectively for two Reynolds numbers values, 1000 and 2000. In all results the predominance of disturbance activity in the wake is clearly seen although, as mentioned, it is only the short-wavelength mode associated with the trailing-edge separation for which the origin of such acfti~vi can be traced in the trailing-edge separation region. In these and other results not presented here, it appears that the trailing-edge separation region is actively involved in two processes, the generation of secondary instability and the connection of such instability on the surface of the blade with that in the entire wake. Figure 25 , in which the amplitude function of the disturbance vorticity is shown, clearly demonstrates this fact at a single Reynolds number value Re = 2000; in both eigenmodes the connection of the disturbance flowfield in the trailing-edge separation region with that in the wake is clearly visible. This connection should prevent further attempts by classic theory to treat the two aspects of the same BiGlobal eigenmode, namely global instability in the trailing-edge separation region and quasi-local instability in the wake, as distinct instability mechanisms that occur in different parts of the flow. The question whether instability at the trailing edge gives rise to that in the wake or vice versa is, in the author's view, ill-posed; the present results indicate that the elliptic partial-differentialequation-based secondary BiGlobal eigenvalue problem admits solutions that simultaneously affect both regions in the flow; attempts to isolate and treat independently the different flow instability mechanisms would lead to incomplete and erroneous results. 
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Summarizing, the trailing-edge separation region has been found to be active in flow instability of both the primary steady and the secondary time-periodic flow. The lack of linear amplification within an eigenvalue problem solution is by no means diminishing the value of this discovery. Indeed, in subsequent transient growth analyses, for which information on the full eigenspectrum -and in particular on damped eigenmodes -is necessary, the present identification of the distinct members of the eigenspectrum has been demonstrated to be of central importance, as will be shortly discussed in Section IV. 6. Further, the present results on the potential of laminar separation to generate global instability complete the picture originally put forward by the work of Theofilis (1999) and Theofilis et al. (2000) on the global instability of a laminar separation bubble developing on the flat plate under adverse pressure gradient, a scenario that was later discovered to be operative on the NACA 0012 airfoil at an angle of attack (Theofilis et al 2002) . Here, the same phenomenon is found to occur in the trailing-edge separation region of the LPT flow, as BiGlobal eigendisturbances of both the steady-and the time-periodic basic flows, as schematically summarized in Figure 26 . The present result extends and further strengthens the discussion of regarding the unifying perspective of global instability of laminar separation bubbles in the three applications; the novel element here is the applicability of the arguments presented on the basis of analyzing steady laminar separation to instability of time-periodic separation bubble flows as well. Finally, in view of the significance attached to the potential of the separation bubble on the trailingedge of the LPT blade to sustain global instabilities, Figure 27 presents the dependence of the wavelength at which short-wavelength secondary BiGlobal instability originating at the trailing-edge separation region reaches its maximum, L,, sB , on Reynolds number. Interestingly, while at the lower Reynolds number values there is a decrease of L4 M,,.
• sB with increasing Re, at the highest Reynolds number values examined, of 0(5000), this quantity appears to reach a plateau at a low level, 1 / 4 < L7 , sB < 1 / 3. Since, the larger the Reynolds number the more relevant the present results become to actual applications, it is worth mentioning here that a spanwise periodicity length of less than a chord length may be realizable in practical situations. Re Indeed, the key assumption of the present analysis, namely homogeneity of space in the spanwise direction, which in the framework of BiGlobal instability permits consideration of a Fourier decomposition along u, can only be relevant to the actual three-dimensional blade geometry, if the £panwise direcion permits accommodation of small wavelengths that are small enough for several periods to fit within; in the present results such wavelengths have been identified, which raises an issue that is worth examining experimentally.
A final aspect related with global instability of the separation region is highlighted next. Superposition of the least-damped mode upon the time-periodic basic state in the neighborhood of the trailing-edge of the blade at Re=2000 is shown in Figure 28 . In the same figure isosurfaces of vorticity magnitude indicate threedimensionalization of the flowfield downstream of the trailing edge, alongside vortex-shedding in the wake of the LPT blade. The latter mechanism has been one of the hallmarks of global instability in the primary reattachment zone of the separation bubble on the flat plate and has also been found to be operative in the present T-106/300 LPT flow. The consistency of the results obtained by Floquet-analysis with those delivered by three-dimensional DNS has been established. Validations on the cylinder were first performed (but not shown here) in which the Floquet analysis results of Barkley and Henderson (1996) were reproduced by the present threedimensional DNS. Subsequently, attention was focused on the LPT flow, at a single Re=2000. An initial condition for the DNS has been constructed, composed of a two-dimensional Floquet-mode at several spanwise periodicity lengths, which has been superposed upon the basic state at a low amplitude, A=10-5 . For consistency with the Floquet approach, the solution in the spanwise direction has been approximated by the first non-constant Fourier-mode. Table 9 , where a satisfactory agreement of these quantities may be observed. Figure 29 illustrates the decay of the disturbance energy with time for different wavelengths L.., with the underlying period of the basic state clearly visible. The energy of the field corresponding to L, = 4, predicted by the Floquet analysis to be unstable, may be seen to increase with time in this figure, while that of the other three modes clearly corresponds to decaying perturbations. This crossvalidation of our DNS and Floquet analysis tools will become useful in the subsequent transient growth analysis, in a manner that will be discussed in the next section. Table 9 . In what follows, the first-ever transient growth (TG) analysis results of a nonparallel flow are reported. While the theory pertinent to one-dimensional ("parallel flow") profiles is well-developed (Schmid and Henningson 2001) , to-date no transient growth analysis of essentially nonparallel flows ("BiGlobal TG") has been reported in the literature; the present work is the first such effort. BiGlobal TG analysis proceeds by computing the pseudospectrum of the matrix discretizing the linearized disturbance equations, A, via computation of the eigenspectrum {Z} of this matrix A, perturbed by a small amount, according to
Here E is of the same dimension as A and contains elements of order E. Schmid and Henningson (2001) use the definition of the norm lIEII in order to quantify the perturbation of A, which may be related with the present simpler definition.
In the following, results are presented of linear stability analysis of the perturbed system, using the tools exposed in the previous sections. Here, steady flow at a subcritical Reynolds number Re = 820 is considered, requiring only solution of the BiGlobal eigenvalue problem. Ideally, the full spectrum of the perturbed matrix should be computed within a TG analysis, in order to assess the potential of different parts of the eigenspectrum to sustain the TG phenomenon. Note that in the case of wall-bounded shear flows, it is the strongly stable members of the eigenspectrum in the intersection of the eigenvalue branches that exhibit the highest sensitivity.
In the nonparallel basic flow problem at hand, the computing cost of the Arnoldi approach used scales with the dimension of the Krylov subspace utilized, such that computation of a large number of eigenvalues is impractical. On the other hand, if TG manifests itself in the resolved part of the eigenspectrum, one can safely assert that perturbations of the matrix of at least the order of magnitude used to unravel TG in the resolved-would lead to TG in the full-spectrum as well. Consequently, the spectrum of the first few eigenvalues (typically of 0(10)) has been obtained at a spanwise periodicity length L,,= 1/3 and E 0. All eigenmodes, shown in Figure 30 , are strongly stable, as discussed in Sections IV. 3.1 and 3.2. The least-damped (stationary) mode has been identified to correspond to the "bubble" mode, while the next in significance, from a stability analysis point of view (traveling) mode is the "wake" mode previously discussed. The damping rate of the bubble mode is of 0(-2), meaning that if such a perturbation were to be introduced into the flow at a small, linear amplitude, sayA 0 0= (106), it would take a time AT = 0( -ln(10`)/2 ) Z 14 (units scaled with the free-stream velocity and the chord length) for the perturbation to subside to machine accuracy levels A, = 0(1016); if introduced at A 0 = 0(106), the time elapsing for the perturbation to reach machine zero would be AT = 0( -ln(101°)/2) z 11.5. However, a very different picture emerges from the pseudospectrum analysis. Figure 31 shows the leading five pseudo-eigenvalues for different perturbations of order E e [10.6, 10-4j, units scaled with the freestream velocity. While the traveling disturbances are mildly affected by matrix perturbations in this range, the pseudo-eigenvalue corresponding to the bubble mode has a zero-crossing. In other words, perturbations of 0(10') in the original matrix suffice to result in linearly unstable flow through a BiGlobal TG mechanism, although linear BiGlobal theory based on the EVP predicts strong stability. A systematic set of computations of the same phenomenon, scanning the parameter range shown, results in the ability to plot the boundary curve corresponding to each level of perturbation; this is shown in Figure 32 . While perturbations of 0(10-') result in a more-or-less uniform shift of the eigenspectrum toward the Im(7) = 0 axis, mild subsequent increases of E result in a strong destabilization of the bubble mode. Figure 33 shows the monotonic increase of the leading pseudo-einvalue with increasing perturbation order. These results may be used in order to interpolate an approximate matrix perturbation value for which the original linear system becomes unstable, E z 10-4.7 Figure 34 have been scaled with the absolute maximum of the largest component, which turns out to be the transverse velocity component ý. Interestingly, the entire wake is involved in this instability mechanism, although, in addition, one may identify that, respectively, the trailingedge part of the suction side of the blade in the z -and that at the pressure side in the ýv -disturbance velocity component are also active. On the basis of these results, the disturbance energy is computed and plotted in Figure 35 . Finally, initializing a three-dimensional DNS with the most unstable bubble pseudo-mode, at an amplitude consistent with that discovered by the pseudospectrum analysis, results in the characteristic of TG curve shown in Figure 36 ; an initial algebraic growth of the perturbation energy is followed by exponential decay. This is the hallmark of TG (albeit in a BiGlobal context here), in turn confirming the results presented on the basis of pseudospectrum analysis. 
V. SUMMARY AND FUTURE DIRECTIONS
The maturing of numerical methods for the accurate description of flows in complex geometries in incompressible flow (Karniadakis and Sherwin 2005) , as well as those for the solution of large eigenvalue problems in both flow regimes (Theofilis 2003) has permitted performing the first three-dimensional BiGlobal instability analyses of a low pressure turbine flow in incompressible flow. The related eigenvalueand initial-value-problems (EVP/IVP) have been solved, the first in the context of analysis of both steady and time-periodic flows. A model T-106/300 LPT blade has been considered, in spectral/hp element tessellations of the entire domain at transitional Reynolds numbers. Inflow/outflow and periodic boundary conditions have been imposed as appropriate.
Two-and three-dimensional BiGlobal EVP-based instability analyses of steady two-dimensional incompressible basic flows over a row of T-106/300 Low Pressure Turbine (LPT) blades has been performed at chord Reynolds numbers below 900, where such basic flows exist. Both structured and unstructured meshes have been used in the context of structured-and hybrid-mesh spectral/hp element numerical methods at different degrees of grid refinement, while variations of the polynomial order with either mesh type have ensured numerical convergence. The analysis shows that the transition from steady to periodic flow takes place at a Reynolds number of Re. = 905 + 2, as a result of a Hopf bifurcation of the least-damped twodimensional BiGlobal eigenmode. The flow remains linearly stable to three-dimensional disturbances below Re. The two most interesting BiGlobal eigenmodes have been found to be related with the wake of the blade ("wake"-mode instability) and the separated flow in the trailing-edge region on the suction side of the blade ("bubble"-mode instability).
Next, using the unstructured-mesh spectral/hp element technology alone, BiGlobal secondary EVP-based analysis of the time-periodic states established past Re, has been performed, based on Floquet theory. In addition, three-dimensional direct numerical simulations have been performed in order to independently verify the stability analysis results and follow amplified modes into transition. In both cases variation of the polynomial order of the numerical methods has ensured numerical convergence. Threedimensional stability analyses of two-dimensional periodic states have been performed at chord Reynolds numbers Re r [900, 5000] , where the leading Floquet eigenvalues have been obtained in a wide range of spanwise wavenumber parameters 03. In the entire range investigated unstable three-dimensional modes have been discovered. As the 3D flow approaches the two-dimensional limit (P3--0), the time-periodic basic state is recovered. At P3 = 0(1), the most significant Floquet eigenmode is qualitatively analogous with mode-A of cylinder flow (also solved herein).
Returning to low Reynolds numbers, where steady states exist, IVP-based analyses have delivered indications of strong three-dimensional transient growth. The "bubble" eigenmode identified in the EVPbased work to connect instability mechanisms in the trailing-edge separation region on the blade, has been shown to sustain strong energy growth. This result has also been independently confirmed by 3D DNS and requires further systematic research, as it points to a transition scenario that has, up to now, been neglected in stability investigations of the flow at hand. Nevertheless, its in-depth analysis can contribute to the same objective of the present research, identification of the predominant, instability-related frequencies to be used for flow control; while the EVP-based analysis has identified such discrete frequencies, the IVP-based analysis may also deliver bands of frequencies that are responsible for flow transition.
Regarding relevance of the present research to Air Force needs, it should be mentioned that in all three classes of research performed herein (EVP-and IVP-based instability analysis of steady basic flows and EVPbased analysis of time-periodic basic states) the mechanisms discovered have spanwise wavelengths that are fractions of the blade chord length. As such, the phenomena described herein may be relevant to real threedimensional blades, in which the presently used assumption of spanwise flow homogeneity is only tenable in conjunction with amplified short-wavelength eigenmodes; it is interesting to examine this proposition by an accompanying experiment focusing on the instability mechanisms discovered in the framework of the present Grant. Regarding future extensions of the present work, besides further exploration of the IVP-based approach in incompressible flow, in the authors' view it is worth performing BiGlobal analyses in the spirit of those presented herein, also in compressible flow. Numerical methods for the description of BiGlobal instability phenomena in complex geometries are much less developed than the (incompressible) spectral/hp element method, which identifies the first challenge that needs to be tackled. Two further avenues worthy of exploration in future research are the BiGlobal instability analysis of time-averaged and turbulent flowfields. No work is known to the authors to deal with the first problem; however, the tools presented herein are directly applicable to such an extension. Regarding analysis of turbulent flows, recent work by Crouch (2005) has demonstrated the ability of BiGlobal theory to solve the problem of buffeting on a NACA-0012 airfoil at an angle of attack and transonic Mach numbers. The payoff of a successful extension of numerical methods for BiGlobal analyses to deal with compressible flows over complex geometries and, possibly, turbulent flow, may well justify the necessary investment, as parameter ranges directly relevant to Air Force applications would then be able to be addressed in the deterministic and efficient manner described in the framework of the present research.
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